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$H=- \frac{d^{2}}{dx^{2}}+.\sum_{-}^{3}l:(l:+1)\wp(x+\omega_{i})$ , (1.4)
$\wp(x)$ $(2\omega_{1},2\omega 3)$
$\omega_{0},\omega_{1},$ $\omega_{2},\omega_{3}$ ($\omega_{0}=0,$ $\omega_{2}=-\omega_{1}-\omega_{3}$ ) $\text{ }$
$l_{i}$ $(i=0,1,2,3)$ $BC_{N}$ Inozemtsev $N$
$B_{N}$- 1
([4, 7])
$BC_{1}$ Inozemtsev $f$ (x)
$H$ $E$
$(H-E)f(x)=(- \frac{d^{2}}{dx^{2}}1-\dot,\sum_{=0}^{3}l:(l:+1)\wp(x+\omega_{i})-E)f(x)=0$, (1.5)
$l_{0},$ $l_{1},$ $l_{2},$ $l_{3}$ $\alpha,$ $\beta,$ $\gamma,$
$\delta,$ $\epsilon$ $\omega_{3}/\omega_{1}$
$t$ [; $E$ $q$ $f$ (x)
$\tilde{f}(w)$ ([9, 10, 11, 12]) i2 (1.5)
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$l_{0}\neq 0$ $l_{1}=l_{2}=l_{3}=0$ (1.5)
Hermite Halphen Baker-Akhiezer (





$f(x)= \exp(\kappa)(\sum_{i=0}^{3}\sum_{j=0}^{l\dot{.}-1}\tilde{b}$5’ $( \frac{d}{dx})^{j}\Phi_{i}(x, \alpha))$ , (1.6)
$\Phi_{i}$ (x, $\alpha$) $\Phi_{i}$ (x, $\alpha$) $=\exp(\zeta(\alpha)x)\sigma(x+$
$\omega_{i}-\alpha)/\sigma(x+\omega_{i})(i=0,1,2,3)$
( ( $2\omega_{1}$ $2\omega_{3}$ )
) $\alpha$ $\kappa$ $\alpha$ $\kappa$
Hermite-Krichever
Treibich Verdier [14] 1 $l_{0},$ $l_{1},$ $l_{2},$ $l_{3}$
$\sum_{i=0}^{3}$ li(li+l)\wp (x+\mbox{\boldmath $\omega$} $\mathrm{K}\mathrm{d}\mathrm{V}$
Krichever [5]
Gesztesy Weikard $[2, 15]_{\text{ }}$ Smirnov [9] $[10, 12]$
$\sum_{\dot{\iota}=0}^{3}$ li(li+y\wp (x+\mbox{\boldmath $\omega$}
Treibich-Verdier
$\nu^{2}=-Q$(E) $Q$ (E) $E$
$l_{0},$ $l_{1},$ $l_{2},$ $l_{3}\in \mathbb{Z}$
$E$ $Q(E)=0$ (1.5)
([2, 9, 10, 11])
Belokolos, Eilbeck, Enolskii, Kostov, Smirnov $l_{0}=1,2$ , $3,4,5,$ $l_{1}=l_{2}=l_{3}=0$
, $l_{0}=2,$ $l_{1}=1,$ $l_{2}=0,$ $l_{3}=0$ $l_{0}=2,$ $l_{1}=1,$ $l_{2}=1,$ $l_{3}=0$ $1_{\sim}^{-}$
$\nu^{2}=-Q$ (E) $\wp’(\alpha)^{2}=4\wp(\alpha)^{3}-g_{2}\wp(\alpha)-g_{3}$
(1.6) $\alpha,$ $\kappa$ $E$ ([1]
) , 1
(1.1)
Maier $(l_{0}\neq 0, l_{1}=l_{2}=l_{3}=0)$
“twisted Lame’polynomial” “theta-twisted Lamb
polynomial” ([6])







Maier twisted Heun polynomial theta-twisted
Heun polynomial Maier











5 twisted Heun polynomial
theta-twisted Heun polynomial Maier
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$l_{0},$ $l_{1},$ $l_{2},$ $l_{3}\in \mathbb{Z}_{\geq 0}$ $(l_{0}, l_{1}, l_{2}, l_{3})\neq(0,0,0,0)$
2. HERMITE-KRICHEVER
( (1.2) (1.5)) Hermite-
Krichever
$\Phi_{i}$ (x, $\alpha$)
$\Phi_{i}(x, \alpha)=\frac{\sigma(x+\omega_{i}-\alpha)}{\sigma(x+\omega_{i})}\exp(\zeta(\alpha)x)$, $(i=0,1,2,3)$ . (2.1)
$\zeta(x)$ $\sigma(x)$
$\eta_{k}=\zeta(\omega_{k})(k=1,3)$
( $\frac{d}{dx}$) $j \Phi_{:}(x+2\omega_{k}, \alpha)=\exp(-2\eta_{k}\alpha+ 2\omega_{k}\zeta(\alpha))(\frac{d}{dx})^{j}\Phi_{i}(x, \alpha)$ (2.2)
$\mathrm{e}$ $i=0,1$ , $2,3,$ $k=1,3$ , $j\in \mathbb{Z}_{>0}$
$H$ Hermite-Krichever
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Theorem 2.1. ([13]) $l_{0},$ $l_{1},$ $l_{2},$ $l_{3}\in \mathbb{Z}_{\geq 0}$ $l=l_{0}+l_{1}+l_{2}+l_{3}$
$E$ (1.5) 0
$f(x)=\mathrm{e}\mathrm{x}$p $( \kappa x)(\sum_{i=0}^{3}\sum_{j=0}^{l_{i}-1}\tilde{b}$(0 $( \frac{d}{dx})^{j}\Phi_{i}(x, \alpha)$ $(2.3)$
$f(x)= \exp(\overline{\kappa}x)(\overline{c}+\sum_{i=0}^{3}\sum_{j=0}^{l\dot{.}-2}\overline{b}$(’i) $( \frac{d}{dx})^{j}\wp(x+\omega i)+\sum_{k=1}^{3}\overline{c}$k $\frac{\wp’(x)}{\wp(x)-e_{k}})$ (2.4)






$E$ $P_{2}(E)\neq 0$ (2.3)
$P_{2}(E)=0$ (2.4)
Hermite-Krichever $f$ (x) $\Lambda(x, E)$
[10] Bethe
$\alpha$ $\kappa$
Example 1. (i) $l_{0}=1,$ $l_{1}=l_{2}=l_{3}=0$
(2.3)
$f(x)=\exp(\kappa x)$ (b\tilde 0(0 \Phi 0 $(x,$ $\alpha)$) (2.7)
$E$ ( $\tilde{b}_{0}^{(0)}\neq 0$ )
$\alpha,$ $\kappa$
$\wp(\alpha)=-E,$ $\kappa=0$ . (2.8)
(ii) $l_{0}=2,$ $l_{1}=l_{2}=l_{3}=0$
(2.3)
(2.9)$f(x)= \exp(\kappa x)(\tilde{b}_{0}^{(0)}\Phi_{0}(x, \alpha)+\tilde{b}_{1}^{(0)}(\frac{d}{dx})\Phi$0(x, $\alpha$) $)$










$h$ (x) (1.5) 2
$\{$
$\frac{d^{3}}{dx^{3}}-4$ $( \sum_{i=0}^{3}l_{i}(l_{i}+1)\wp(x+\omega_{i})-E)\frac{d}{dx}-2(\sum_{i=0}^{3}l_{i}(l_{i}+1)\wp’$ ($x+$ cp$i$ )$))h(x)=0$ .
(3.1)
Eq.(3.1) $|_{\vee}^{-}$ $l_{i}\in \mathbb{Z}_{\geq 0}(i=0,1,2,3)$
$E$
Proposition
Proposition 3.1. ([10, Proposition 3.5]) $l_{0},$ $l_{1},$ $l_{2},$ $l,$ $\in \mathbb{Z}_{\geq 0}$
(3.1) 0
$(x, E)=c_{0}(E)+ \sum^{3}.\sum^{l_{*}-1}b_{j}^{(\cdot)}.(E)\wp(x+\omega:)^{l:-j}$ . (3.2)
$|.=0j=0$
$c_{0}(E),$ $b_{j}^{(i)}(E)$ $E$ $c_{0}(E)$
( 1 )
(3.2)
$g=\deg c$0(E) $\deg b_{j}^{(i)}(E)<g$
$Q$ (E)
$Q(E)=—(x, E)^{2}(E- \sum_{i=0}^{3}l_{i}(l_{i}+1)\wp(x+\omega_{i}))+\frac{1}{2}---(x, E)$ $\frac{d^{2-}--(x,E)}{dx^{2}}-\frac{1}{4}(\frac{d_{-}^{-}-(x,E)}{dx})^{2}$ ,
(3.3)
—$(x, E)$ (1.5)
$x$ $Q$ (E) $2g+1$
Example 2. $(x, E)$ $Q$ (E)
(i) $l_{0}=1,$ $l_{1}=l_{2}=l_{3}=0$
—(x, $E$) $=\wp(x)+E$ , $Q(E)=(E+e_{1})(E+e_{2})(E+e_{3})$ . (3.4)
(ii) $l_{0}=2,$ $l_{1}=l_{2}=l_{3}=0$
$(x, E)=9 \wp(x)^{2}+3E\wp(x)+E^{2}-\frac{9}{4}g$2, $Q(E)=(E^{2}-3g_{2}) \prod_{\dot{l}=1}^{3}(E-3e:)$ . $(3.5)$
$(x, E)$ $Q$ (E)
(1.5) $\Lambda(x, E)$
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$\Lambda(x+2\omega_{1}, E)$ , $\Lambda(x+2\omega_{3}, E)$ (1.5)
$\Lambda(x+2\omega_{1}, E)$ , $\Lambda(x+2\omega_{3}, E)$ $\Lambda(x, E)$
1
Proposition 3.3. ( $c.f.$ [12, Theorem 3.7]) $l_{i}\in \mathbb{Z}_{\geq 0}(i=0,1,2,3)$ $E_{0}$
$Q(E_{0})=0$ $q_{1},$ $q_{3}\in$ {0,1} g $\Lambda(x+2\omega_{k}, E_{0})=$
$(-1)^{q}$kA(x, $E_{0}$ ) $(k=1,3)$ $E_{0}$ $q_{1},$ $q_{3}$
$\Lambda(x+2\omega_{k}, E)=(-1)^{q}(x, E)\exp(-\frac{1}{2}\int_{E_{0}}^{E}\frac{\int_{0+\epsilon}2\omega_{k}+\epsilon---(x,\tilde{E})dx}{\sqrt{-Q(\tilde{E})}}d\tilde{E})$ (3.7)
$k=1,3$ $\epsilon$
$\epsilon$
$\wp(x+\omega_{i})^{n}1\mathrm{h}(\frac{d}{dx})^{2j}\wp(x+\omega_{i})(j=0, \ldots, n)$ $(x, E)$
—(x, $E$) $=c(E)+ \sum_{i=0}^{3}\sum_{j=0}^{l.-1}a_{j}^{(i)}(E)(\frac{d}{dx})^{2j}\wp$ ( $x+\omega$i) (3.8)
$a(E)= \sum_{i=0}^{3}a_{0}^{(\dot{\iota})}(E)$ (3.9)
Proposition 3.3 $k=1,3$










( (2.6)) ( (3.10))
$\alpha,$ $\kappa$ Hermite-Krichever $Q$ (E), $a(E),$ $c(E)$
$A=-2 \alpha-\int_{E_{0}}^{E}\frac{a(\tilde{E})}{\sqrt{-Q(\tilde{E})}}d\tilde{E}$ , (4.1)
$B=2 \zeta(\alpha)+2\kappa+\int_{E_{0}}^{E}\frac{c(\tilde{E})}{\sqrt{-Q(\tilde{E})}}d\tilde{E}$
(4.2)
$k=1$ $k=3$ (2.6) (3.10)
$n_{1},$ $n_{3}$
$\eta 1A+\omega_{1}B=\pi\sqrt{-1}$($q1+$ 2n1), (4.3)











$Q$ (E) $2g+1$ $a$ (E) $g$
(4.7)
(2.5) $P_{1}$ (E), $P_{2}(E)$ $\xi=P_{1}(E)/P_{2}(E)$
5 $\alpha 0$
$E=E_{0}$ [ 11 $\alpha$ f (4.5) $\alpha_{0}=-(q_{1}+2n_{1})\omega_{3}+(q_{3}+2n_{3})\omega_{1}$
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$\alpha-\alpha_{0}+\frac{1}{2}\int_{E_{0}}^{E}\frac{a(\tilde{E})}{\sqrt{-Q(\tilde{E})}}$d$\tilde{E}=0$ , (4.8)
$\kappa$ 1 $\alpha_{0}\equiv 0$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$ )
$\kappa=-\frac{1}{2}\int_{E_{0}}^{E}\frac{c(\tilde{E})}{\sqrt{-Q(\tilde{E})}}d\tilde{E}+\zeta(\frac{1}{2}\int_{E_{0}}^{E}\frac{a(\tilde{E})}{\sqrt{-Q(\tilde{E})}}d\tilde{E})$ , (4.9)





$Q$ (E) $2g+1$ $c(E)$ $g+1$ $\kappa$
(2.5) $P_{3}(E)$ , $P_{4}$ (E) $\kappa=P_{3}(E)\sqrt{-Q(E)}/P_{4}(E)$
(4.10)
6
5. TWISTED HEUN POLYNOMIAL $\text{ }$ THETA-TWISTED HEUN POLYNOMIAL
Theorem 2. $\wp(\alpha)$ $\kappa/\sqrt{-Q(E)}$ $E$
[13] $Earrow\infty$ $\alphaarrow 0$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$ )
[ $\wp(\alpha),$ $\kappa$
$\wp(\alpha)-ek$ $=- \frac{4N_{k}(E)}{(\sum_{i=0}^{3}l_{i}(l_{i}+1))^{2}D_{k}(E)}$ , $(k=1,2,3)$ , (5.1)
$\kappa=(1-\frac{2}{\sum_{i=0}^{3}l_{j}(l_{i}+1)})\frac{P_{\kappa}(E)}{\tilde{P}_{\kappa}(E)}\sqrt{-Q(E)}$ , (5.2)
$N_{k}$ (E), $D_{k}(E)(k=1,2,3),$ $P_{\kappa}(E)$ ,
$\tilde{P},(E)$ $\deg N_{k}(E)=1+\deg D_{k}$ (E), $\deg P_{\kappa}(E)=\deg\tilde{P}_{\hslash}(E)-$
$g$
$p$
$\sum_{i=0}^{3}l_{i}\omega_{i}\equiv\omega_{p}$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$ ) 0, 1, 2, 3
Hermite-Krichever $\alpha$ $\alpha\equiv\omega_{p}$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$)
Hermite-Krichever






$(l_{0}+l_{1}+l_{2}+l_{3}-3)/2$ $A_{p}$ $f$ (x)
(5.3) $\overline{\kappa}=0$ $E$ $B_{p}$
$f$ (x) (5.3) $\overline{\kappa}\neq 0$ $E$
$p’\in$ $\{0,1, 2, 3\}\backslash \{p\}$ 1 $\alpha$ $\alpha\equiv\omega_{p’}$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$)
$k\in$ {1,2, 3} $\omega_{p’}\equiv\omega_{p}+\omega_{k}$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$ )
Hermite-Krichever $f$ (x) $z=\wp(x)$




$(l_{0}+l_{1}+l_{2}+l_{3}-2)/2$ $A_{d}$ $f$ (x)
(5.4) $\kappa=0$ $E$ $B_{p’}$
$f$ (x) (5.4) $\overline{\kappa}\neq 0$ $E$
$A_{i},$ $B_{:}$ $(i=0,1,2,3)$
Proposition 5.1. ([13]) (i)8 $A_{i},$ $B_{i}(i=0,1,2,3)$
2
(ii) $\bigcup_{i=0}^{3}A_{i}$ $Q$ (E)
$\wp(\alpha)-e_{k}(k=1,2,3)$ $E$ $A_{:},$ $B_{i}(i=0, k)$
Proposition 5.2. ([13]) $m$ (E’) $a(E)$ $E=E’$ $a(E)=$
$(E-E’)^{m(E’)}\tilde{a}(E)$ $\tilde{a}(E’)\neq 0$ $\tilde{m}$ (E’) $Q$ (E) $E=E’$
$D$ (E), $N_{k}$ (E)
$D(E)=, \prod_{E\in A_{0}}(E-E’)^{2+2m(E^{\ell})-\tilde{m}(E’)},\prod_{E\in B_{0}}(E-E’)^{2+2m(E’)}$
, (5.5)
$N_{k}(E)=, \prod_{E\in A_{k}}(E-E’)^{2+2m(E’)-\tilde{m}(E’)},\prod_{E\in B_{k}}(E-E’)^{2+2m(E’)}$




Corollary 5.3. ([13]) $E’ \in\bigcup_{i=0}^{3}(A_{i}\cup B_{i})$ $a(E’)\neq 0$
$Q(E)=0$ $D$ (E), $N_{k}$ (E)
$D(E)=, \prod_{E\in A_{0}}(E-E’),\prod_{E\in B_{0}}(E-E’)^{2}$ , (5.8)




$A_{:},$ $B_{i}$ $(i=0,1,2,3)$ Heun
polynomial twisted Heun polynomial
$\wp(\alpha)$ $E$
$A_{i}$ $(i=0,1,2,3)$ Heun polynomial
Heun polynomial ([11, 55])
$\beta_{0},$ $\beta_{1},$ $\beta_{2},$ $\beta_{3}$ $- \sum_{i=0}^{3}$ $\mathrm{A}\in 2\mathbb{Z}_{\geq 0}$ $V_{\beta_{0},\beta_{1},\beta_{2},\beta_{3}}$
$\{\wp_{1}(x)^{\beta_{1}}\wp_{2}(x)^{\beta_{2}}\wp_{3}(x)^{\beta_{3}}\wp(x)^{n}\}_{n=0,\ldots,-\Sigma_{=0}^{3}\beta_{i}/2}\dot{.}$ [
$i\in$ {0,1, 2, 3} $i$ [ $\alpha_{i}$ $l_{i}$ $l_{i}+1$
$U_{\alpha_{0},\alpha_{1},\alpha_{2},\alpha_{3}}$
$U_{\alpha_{0},\alpha_{1},\alpha_{2},\alpha_{3}}=\{$
$V_{\alpha_{0},\alpha_{1},\alpha_{2},\alpha_{3}}$ , $\sum_{i=0}^{3}\alpha_{i}/2\in \mathbb{Z}\leq 0$ ;
$V_{1-\alpha_{0},1-\alpha_{1},1-a_{2},1-\alpha_{3}}$ , $\sum_{i=0}^{3}\alpha_{i}/2\in \mathbb{Z}_{\geq 2;}$
{0}, .
(5.11)
$l_{0}+l_{1}+l_{2}+l_{3}$ $H$ ( (1.4))
$U_{-l_{0},-l_{1},-l_{2},-l_{3}}$ , $U_{-l_{0},-l_{1\prime}l_{2}+1,l_{S}+1}$ , $U_{-l_{0},l_{1}+1,-l_{2},l_{3}+1}$ , $U_{-l_{0\prime}l_{1}+1,l_{2}+1,-l_{3}}$ , (5.12)
$l_{0}+l_{1}+l_{2}+l_{3}$ $H$
$U_{-l_{0},-l_{1},-l_{2},l_{3}+1}$ , $U_{-l_{0},-l_{1},l_{2}+1,-l_{3}}$ , $U_{-}$ l0,l1 $+$1,-l2,-l3 , $U_{l_{0}+1,-l_{1},-l_{2},-l_{3}}$ . (5.13)
[11]
Proposition 5.4. ([13]) $i\in$ {0,1, 2, 3} ; (5.12)
(5.13) $U_{\alpha_{0},\alpha \mathit{1}1}$ ,a2,$\alpha_{3}$ $\sum_{k=1}^{3}\alpha_{k}\omega_{k}\equiv\omega_{\dot{l}}$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$)
$A_{i}$ $U_{\alpha 0,\alpha_{1},\alpha_{2},\alpha_{3}}$
$H$
$i\in$ {0,1, 2, 3} Proposition 5.4 $H$
$H^{(i)}(E)$ Heun polynomial
Proposition 5.4 $A_{i}$ $(i=0,1,2,3)$ Heun polynomial $H^{(i)}(E)$
$B_{i}$ $(i=0,1,2,3)$ twisted Heun polynomial
$p$
$\sum_{\dot{\iota}=0}^{3}l:\omega_{i}\equiv\omega_{p}$ (mod $2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z}$)
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$l_{0}+l_{1}+l_{2}+l_{3}$ $l_{0}>l_{1}+l_{2}+l_{3}-4$ [ twisted Heun polynomial
$Ht^{(p)}(E)$ $l_{0}+l_{1}+l_{2}+l_{3}$
$\mathrm{f}\mathrm{i}_{\mathrm{r}}$ $l_{0}\leq l_{1}+l_{2}+l_{3}-4$
$Ht^{(p)}(E)$ $i\in$ $\{0,1, 2, 3\}\backslash \{p\}$ $Hl^{(}$i)(E)
[13]
$E\in B_{p}$ (1.5) (5.3) $\overline{\kappa}\neq 0$




$\overline{a}_{j}$ , $\overline{b}_{j}$ $\overline{a}_{j}=0,$ $\overline{b}j=0$
(5.16) (1.5) $sj+4$ $\mathrm{t}j+4$
$(l_{1}+l_{2}+l3-l_{0}-1-2j)(l_{1}+l_{2}+l_{3}+l_{0-\vee}-2j)\overline{a}_{j}$ (5.17)
$+ \sum_{j’=j+1}^{j+4}\overline{a}$j. $c_{aa}(j,j’, \overline{\kappa})+i\overline{\kappa}\sum_{j’=j-1}^{j+3}\overline{b}_{j}$
, $c_{\mathrm{d}\overline{b}}(j,j’,\overline{\kappa})=0$
$(l_{1}+l_{2}+l_{3}-l_{0}-4-2j)(l_{1}+l_{2}+l_{3}+l_{0}-3-2j)\overline{b}_{j}$ (5.18)
$+ \sum_{j’=j+1}^{j+4}\overline{b}$j’ $Cjb \overline{b}(j,j’,\overline{\kappa})+\overline{\kappa}\sum_{j’=j+2}^{j+4}\overline{a}$j’
$c_{\overline{b}\overline{a}}(j,j’,\overline{\kappa})=0$ ,
$c_{\delta\overline{a}}(j,j’,\overline{\kappa}),$
$c_{\overline{a}\overline{b}}$ (j, $j’,\overline{\kappa}$), $c_{\overline{b}\hslash}(j,j’,\overline{\kappa}),$ $\sigma_{b\overline{b}}$ (j, $j’,\overline{\kappa}$ ) $e_{1},$ $e_{2}$ , e3, $\overline{\kappa}$ ,
$E$ $\overline{a}_{\hat{l}^{(0)}}=1$
$l_{0}+l_{1}+l_{2}+l_{3}$ $l_{0}>l_{1}+l_{2}+l_{3}-4$
$\overline{b}_{\hat{l}(0)_{-2}},\overline{a}_{\hat{l}^{(0)}}-1$ , $\overline{b}_{\hat{l}(0)_{-3}},$ $\ldots$ , $\overline{a}_{0}$ (5.17, 5.18)
(1.5) (5.16) $j=0,1$ , $2,3$




$Ht^{(\mathrm{p})}(E)$ twisted Heun polynomial
Maier twisted Lam\’e polynomial
[6]
$l_{0}+l_{1}+l_{2}+l_{3}$ $l_{0}\leq l_{1}+l_{2}+l_{3}-4$ twisted Heun polynomial
$Ht^{(p)}(E)$ $i\in$ $\{0,1, 2, 3\}\backslash \{p\}$ $Ht^{(i)}$ (E) [13]




mial twisted Heun polynomial
Theorem 5.5. ([13]) $(2\omega_{1},2\omega 3)$ $H^{(i)}(E)$
$Ht^{(i)}(E)$ $a$ (E)
$\wp(\alpha)=e_{k}-\frac{4H^{(k)}(E)Ht^{(k)}(E)^{2}}{(\sum_{i=0}^{3}l_{i}(l_{i}+1))^{2}H^{(0)}(E)Ht^{(0)}(E)^{2}}$ (5.19)
$\deg H^{(k)}(E)Ht^{(k)}(E)^{2}=1+\deg H$ (O) $(E)Ht^{(0)}(E)^{2}$ $k=1,2$, $3$
$g\leq 3$ $Q$ (E) 7
([13])
$\kappa$ $A_{0},$ $B_{0}$
Proposition 5.6. ([13]) $E’ \in\bigcup_{i=0}^{3}$ (Ai\cup B $a(E’)\neq 0$
$Q(E)=0$
$P_{\hslash}(E)$
$\kappa=(1-\frac{2}{\sum_{i=0}^{3}l_{i}(l_{i}+1)})\frac{P_{n}(E)}{\prod_{E’\in A_{0}}(E-E)\prod_{E’\in B_{0}}(E-E’)},\sqrt{-Q(E)}$ (5.20)
$\deg P_{\kappa}(E)=\deg(\prod_{E\in A_{0}},(E-E’)\prod_{E\in B_{0}},(E-E’))-g$ $\circ$
(5.20) $P_{\kappa}(E)$ theta-twisted Heun polynomial




$u_{j}= \frac{\Phi_{0}(x,\alpha)(\wp(x)-e_{2})^{j}}{(\wp(x)-e_{1})^{l_{1}/2}(\wp(x)-e_{2})^{l_{2}/2}(\wp(x)-e_{3})^{l_{8}/2}}$ , (5.21)
$v_{j}= \frac{(\frac{\partial}{\partial x}\Phi_{0}(x,\alpha))(\wp(x)-e_{2})^{j}}{(\wp(x)-e_{1})^{l_{1}/2}(\wp(x)-e_{2})^{l_{2}/2}(\wp(x)-e_{3})^{l_{3}/2}}$, (5.22)
$f$ (x) (2.3) $\kappa=0$ $\alpha\not\equiv 0$ (mod $\omega_{1}\mathbb{Z}\oplus$




(5.23) (1.5) $u_{j+4},$ $v_{j+4}$
$(l_{1}+l_{2}+l_{3}-l_{0}-2-2j)(l_{1}+l_{2}+l_{3}+l_{0}-1-2j)c_{j}$ (5.24)
$+ \sum_{j’=j+1}^{j+4}c_{j’}c_{cc}(j,j’, \alpha)+\wp’(\alpha)\sum_{j’=j+2}^{j+4}d_{j’}c_{cd}(j,j’, \alpha)=0$
$(l_{1}+l_{2}+l_{3}-l_{0}-3-2j)(l_{1}+l_{2}+l_{3}+l_{0}-2-2j)d_{j}$ (5.25)
$+ \sum_{j’=j+1}^{j+4}d_{j’}c_{dd}(j,j’, \alpha)+\wp’(\alpha)\sum_{j’=j+1}^{j+4}c_{j’}c_{d\mathrm{c}}(j,j’, \alpha)=0$,
$c_{c\mathrm{c}}(j,j’, \alpha),$ $c_{\mathrm{c}d}$ (j, $j’,$ $\alpha$), $c_{dc}$ (j, $j’,$ $\alpha$), $c_{dd}$ (j, $j’,$ $\alpha$) $e_{1},$ $e_{2},$ $e_{3},$ $\wp(\alpha),$ $\wp’(\alpha)$ ,
$E$ $d_{\check{l}}=1$
$l_{0}+l_{1}+l_{2}+l_{3}$ $l_{0}>l_{1}+l_{2}+l_{3}-2$ (5.24, 5.25)
$\mathrm{c}_{\overline{l}},$
$d_{\overline{l}-1}$ , c , . . . , $c_{0}$ (1.5)
(5.23) (1.5) $u_{j},$ $v_{j}(j=0,1,2,3)$
0 $\wp(\alpha),$ $\wp’(\alpha),$ $E$
$\wp’(\alpha)^{2}=4(\wp(\alpha)-e_{1})(\wp(\alpha)-e_{2})(\wp(\alpha)-e_{3})$
$\wp(\alpha),$ $\wp’(\alpha)$
$\alpha\equiv 0$ (mod $\omega_{1}\mathbb{Z}\oplus\omega_{3}\mathbb{Z}$ )
$H\theta(E)=0$ $E$
$H\theta(E)$ theta-twisted Heun polynomial
$\text{ }$ Maier theta-twisted Lame’polynomial [6]
$l_{0}+l_{1}+l_{2}+l_{3}$ $l_{0}\leq l_{1}+l_{2}+l_{3}-2$ $\sum_{i=0}^{3}l_{i}\omega_{i}\not\equiv 0$ (mod
$2\omega_{1}\mathbb{Z}\oplus 2\omega_{3}\mathbb{Z})$ theta-twisted Heun polynomial
$H\theta(E)$ ([13])
$\kappa$ $E$ $H\theta(E)$
Theorem 5.7. ([13]) $(2\omega_{1},2\omega 3)$
$a$ (E), $Q$ (E), $H\theta(E),$ $H$(i)(E), $Ht^{(i)}(E),$ $(i=0,1,2,3)$
$a(E),$ $H\theta(E),$ $H^{(:)}(E),$ $Ht^{(i)}(E),$ $(i=0,1,2,3)$
$\deg H\theta(E)-\deg H^{(0)}(E)Ht^{(0)}(E)=-g,$ (5.26)
$\kappa=(1-\frac{2}{\sum_{\dot{\iota}=0}^{3}l_{\dot{\iota}}(l_{i}+1)})\frac{H\theta(E)}{H^{(0)}(E)Ht^{(0)}(E)}\sqrt{-Q(E)}$, (5.27)




Theorem 5.5 Theorem 5.7 $g\leq 3$
$g\leq 3$
$g=1$
$(l_{0}, l_{1}, l_{2}, l_{3})=(1,0,0,0),$ $(1,1,0,0),$ $(1,1,1,1)$ ,
$l_{0},$ $l_{1},$ $l_{2},$ $l_{3}$
$g=2$
$(l_{0}, l_{1}, l_{2}, l_{3})=\{$
(2, 0, 0, 0), (2,1, 0, 0), (2,1, 1, 0), (2,2, 0, 0),
(2, 2, 1, 1), (2,2, 2, 2), (1,1, 1, 0),
$l_{0},$ $l_{1},$ $l_{2},$ $l_{3}$
$g=3$
$(l_{0}, l_{1}, l_{2}, l_{3})=\{(3,3,3,3)(3,0,0,0)(3,2,1,0),,,(3,2,2,1)(2,\mathrm{l},1,1)(3,1,0,0),,,(3,1,\mathrm{l},0)(2,2,1,0)(3,3,0,0),,,(3,1,1,1)(3,3,1,1)(2,2,2,0)",(3,3,2,2)(3,2,0,0),$
$l_{0},$ $l_{1},$ $l_{2},$ $l_{3}$
$g\leq 3$ (1.5) 2
[13]
6.1. $(l_{0}, l_{1}, l_{2}, l_{3})=(1,0,0,0)$ .
$(x, E)$ $Q$ (E)




$\Lambda(x+2\omega_{k}, E)=-\Lambda(x, E)\exp(-\frac{1}{2}\int_{-e_{2}}^{E}\frac{2\omega_{k}\tilde{E}-2\eta_{k}}{\sqrt{-(\tilde{E}+e_{1})(\tilde{E}+e_{2})(\tilde{E}+e_{3})}}d\tilde{E})$ (6.3)
Hermite-Krichever
$f(x)=\exp(\kappa x)(\tilde{b}_{0}^{(0})\Phi_{0}$ (x, $\alpha$)) (6.4)
$\wp(\alpha),$ $\kappa$





6.2. $(l_{0}, l_{1}, l_{2}, l_{3})=(1,1,0,0)$ .
$(x, E)$ $Q$ (E)
$(x, E)=E+\wp(x)+\wp(x+\omega_{1})-3e_{1}$ , (6.7)
$Q(E)=(E-4e_{1})(E^{2}-2e_{1}E+g_{2}-11e_{1}^{2})$ , (6.8)
(1.5)




$f(x)=\mathrm{e}\mathrm{x}$p $(\kappa x)(\tilde{b}_{0}^{(0})\Phi_{0}(x, \alpha)+\tilde{b}$ 11) $\Phi_{1}(x, \alpha)$) $(6.11)$
$\wp(\alpha),$ $\kappa$











$E_{0}$ $E_{0}^{2}-2e_{1}E_{0}+g_{2}-11e_{1}^{2}=0$ $\text{ }$
$(2\omega_{1},2\omega 3)$ $(\omega_{1},2\omega 3)$ Landen
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6.3. $(l_{0}, l_{1}, l_{2}, l_{3})=(2,0,0,0)$ .
$(x, E)$ $Q$ (E)
3





$a(E)=3E$ , $c(E)=E^{2}- \frac{3}{2}g_{2}$ , (6.19)
$k=1,3$ [
$\Lambda(x+2\omega_{k}, E)=\Lambda$ (x, $E$) $\exp(-\frac{1}{2}\int_{\sqrt{g_{2}}}^{E}\frac{-2\eta_{k}a(\tilde{E})+2\omega_{k}c(\tilde{E})}{\sqrt{-Q(\tilde{E})}}$d$\tilde{E})$ (6.20)
$t_{\grave{4}}$
Hermite-Krichever
(6.21)$f(x)=$ -p $(\kappa x)(\tilde{b}$x) $\Phi_{0}(x, \alpha)+\tilde{b}$,$0)( \frac{d}{dx})\Phi_{0}(x, \alpha)$ )
$\wp(\alpha),$ $\kappa$
$\wp(\alpha)=e_{k}-\frac{(E-3e_{k})(E+6e_{k})^{2}}{9(E^{2}-3g_{2})}$ $(k=1,2,3)$ , $\kappa=\frac{2\sqrt{-Q(E)}}{3(E^{2}-3g_{2})}$ , (6.22)
$\alpha,$ $\kappa$ $k=1,3$







$\xi=-y/6,$ $E$ =z, $g_{2}=a/3,$ $g_{3}=b/54$ , (6.25) (1.1)
(6.26) (1.7)
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6.4. $(l_{0}, l_{1}, l_{2}, l_{3})=(0,1,1,1)$ .
$(x, E)$ $Q$ (E)
$(x, E)=E^{2}-3g_{2}/2+ \sum_{i=1}^{3}(E-3e_{i})\wp(x+\omega_{i})$ , (6.27)
$Q(E)=(E^{2}-3g_{2}) \prod_{i=1}^{3}(E-3e_{i})$ , (6.28)
(1.5)
$\Lambda(x, E)=\sqrt{---(x,E)}\exp$ $\int\frac{\sqrt{-Q(E)}dx}{---(x,E)}$ (6.29)
$a(E)=3E$ , $c(E)=E^{2}- \frac{3}{2}g_{2}$ , (6.30)
i; $k=1,3$
$\Lambda(x+2\omega_{k}, E)=\Lambda(x, E)\exp(-\frac{1}{2}\int_{\sqrt{\mathit{9}2}}^{E}\frac{-2\eta_{k}a(\tilde{E})+2\omega_{k}c(\tilde{E})}{\sqrt{-Q(\tilde{E})}}d\tilde{E})$ (6.31)
$(l_{0}, l_{1}, l_{2}, l_{3})=(2,0,0,0)$ [
Hermite-Krichever
$f(x)=\exp(\kappa x)(\tilde{b}_{0}^{(1)}\Phi_{1}(x, \alpha)+\tilde{b}_{0}^{(2)}\Phi_{2}(x, \alpha)+\tilde{b}_{0}^{(3})\Phi_{3}(x, \alpha)$) (6.32)
$\wp(\alpha),$ $\kappa$
$\wp(\alpha)=e_{k}-\frac{(E-3e_{k})(E+6e_{k})^{2}}{9(E^{2}-3g_{2})}$ $(k=1,2,3)$ , $\kappa=\frac{2\sqrt{-Q(E)}}{3(E^{2}-3g_{2})}$ , (6.33)
Hermite-Krichever
$(l_{0}, l_{1}, l_{2}, l_{3})=(20,0\rangle’ 0)$
$(l_{0}, l_{1}, l_{2}, l_{3})=(2,0,0,0)$
6.5. $(l_{0}, l_{1}, l_{2}, l_{3})=(3,0,0,0)$ .
$(x, E)$ $Q$ (E)
$(x, E)=225 \wp(x)^{3}+45E\wp(x)^{2}+6(E^{2}-\frac{\tau\epsilon}{8}g_{2})\wp(x)+E^{3}-15g_{2}E-\frac{225}{4}g_{3}$, (6.34)
$Q(E)=E \prod_{i=1}^{3}(E^{2}+6e_{i}E+45e_{i}^{2}-15g_{2})$ , (6.35)
(1.5)
$\Lambda(x, E)=\sqrt{---(x,E)}\exp$ $\int\frac{\sqrt{-Q(E)}dx}{---(x,E)}$ (6.36)
$a(E)=6(E^{2}- \frac{16}{4}g_{2})$ , $c(E)=E^{3}- \frac{45}{4}g_{2}E-\frac{135}{4}g_{3}$ , (6.37)
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[ $k=1,3$
$\Lambda(x+2\omega_{k}, E)=\Lambda(x, E)\exp(-\frac{1}{2}\int_{0}^{E}\frac{-2\eta_{k}a(\tilde{E})+2\omega_{k}c(\tilde{E})}{\sqrt{-Q(\tilde{E})}}$d$\tilde{E})$ (6.38)
Hermite-Krichever
$f(x)=\exp(\kappa x)$ ( \Sigma$=03 \tilde{b}_{j}^{(0)}(\frac{d}{dx})^{j}\Phi$0 $(x, \alpha))$ (6.39)
$\wp(\alpha),$ $\kappa$
$H^{(0)}(E)=E$ , $H^{(k)}(E)\# E^{2}+6e_{k}E+45e_{k}^{2}-15g_{2}(k=1,2,3)$, (6.40)
$Ht^{(0)}(E)=E^{2}- \frac{75}{4}g_{2}$ , $Ht^{(k)}(E)=E^{2}+15e_{k}E+ \frac{75}{4}(g_{2}-12e_{k}^{2})$ ,
$\wp(\alpha)=e_{k}-\frac{H^{(k)}(E)Ht^{(k)}(E)^{2}}{36H^{(0)}(E)Ht^{(0)}(E)^{2}}$ $(k=1,2,3)$ , $\kappa=\frac{5\sqrt{-Q(E)}}{6H^{(0)}(E)Ht^{(0)}(E)}$ , (6.41)
$\alpha,$ $\kappa$ $k=1,3$
$\llcorner$







6.6. $(l_{0}, l_{1}, l_{2}, l_{3})=(3,1,0,0)$ .








$\Lambda$ (x, $E$) $=$ (6.48)
$a(E)=7E^{2}-13e_{1}E-152e_{1}^{2}$ -lOg2, (6.49)
$c(E)=E^{3}-7e_{1}E^{2}-(104e_{1}^{2}+ \frac{5}{2}g_{2})E-102e_{1}^{3}-\frac{165}{2}g_{3}$ , (6.50)
$k=1,3$ 1
$\Lambda(x+2\omega_{k}, E)=-$A(x, $E$) $\exp(-\frac{1}{2}\int_{3e_{2}+8e_{3}}^{E}\frac{-2\eta_{k}a(\overline{E})+2\omega_{k}c(E)}{\sqrt{-Q(\tilde{E})}}d\tilde{E})$ (6.51)
Hermite-Krichever
$f(x)=\exp$ (tax) $( \tilde{b}_{0}^{(1)}\Phi_{1}(x, \alpha)+\sum_{j=0}^{2}\tilde{b}$30) $( \frac{d}{dx})^{j}\mathrm{I}_{0}(x, \alpha))$ (6.52)
$\wp(\alpha),$ $\kappa$
$H^{(0)}(E)=E^{2}-16e_{1}E-32e_{1}^{2}+5g_{2}$ , $H\theta(E)=E-17e_{1}$ , (6.53)
$H^{(1)}(E)=E^{3}-9e_{1}E^{2}-(117e_{1}^{2}+4g_{2})E+69e_{1}^{3}-188g_{3}$ ,
$H^{(2)}(E)=E-3e_{2}-8e_{3}$ , $H^{(3)}(E)=E-8e_{2}-3e_{3}$ ,
$Ht^{(0)}(E)=E^{2}- \frac{58}{7}e_{1}E-\frac{737}{7}e_{1}^{2}-\frac{100}{7}g_{2}$ , $Ht^{(1)}(E)=E^{2}+11e_{1}E-626e_{1}^{2}+50g_{2}$,








6.7. (l0, $l_{1},$ $l_{2},$ $l_{3}$ ) $=(3,1,1,1)$ .
$(x, E)$ $Q$ (E)
—(x, $E$ ) $=225 \wp(x)^{3}+45E\wp(x)^{2}+6(E^{2}-\frac{75}{4}g_{2})\wp(x)$ $+E^{3}- \frac{195}{4}g_{2}E-\frac{1125}{2}g_{3}(6.59)$
$+(E-15e_{2})(E-15e_{3})\wp(x+\omega_{1})+(E-15e_{1})(E-15e_{3})\wp(x+\omega_{2})$
$+(E-15e_{1})(E-15e_{2})\wp(x+\omega_{3})$ ,
$Q(E)=(E^{4}-54g_{2}E^{2}-864g_{3}E-135^{2}g_{2}) \prod(E-15e_{i})$ , (6.60)
(1.5)
$\Lambda(x, E)=\sqrt{---(x,E)}\exp$ $/ \frac{\sqrt-Q(E)dx}{---(x,E)}$ (6.61)
$a(E)=9(E^{2}-15g_{2})$ , $c(E)=E^{3}-45g_{2}E-540g_{3}$ , (6.62)
$k=1,3$ 1
$\mathrm{E}\underline{-2\eta_{k}a(\tilde{E})+2\omega_{k}c(\tilde{E})}_{d\tilde{E}})-$ (6.63)$\Lambda(x+2\omega_{k}, E)=-\Lambda(x, E)\exp(-\frac{1}{2}\int_{15e_{2}}^{E}\frac{-2\eta_{k}a(\tilde{E})+2\omega_{k}c(\tilde{E})}{\sqrt{-Q(\tilde{E})}}d\tilde{E}$
$f_{\grave{\mathrm{A}}}$
Hermite-Krichever
$f(x)= \exp(\kappa x)(.\sum_{j=0}^{2}\tilde{b}_{j}^{(0)}(\frac{d}{dx})^{j}\Phi_{0}(x, \alpha)+\sum_{i=1}^{3}\tilde{b}_{0}^{(i)}\Phi_{i}(x, \alpha))$ (6.64)
$\wp(\alpha),$ $\kappa$




$\wp(\alpha)=e_{k}-\frac{H^{(k)}(E)Ht^{(k)}(E)^{2}}{81H^{(0)}(E)Ht^{(0)}(E)^{2}}$ $(k=1,2,3)$ , $\kappa=\frac{8H\theta(E)\sqrt{-Q(E)}}{9H^{(0)}(E)Ht^{(0)}(E)}$ , (6.66)
$\alpha,$ $\kappa$ $k=1,3$
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